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Abstract A morphometrical method to quantify and char-
acterize coral corallites using Richardson Plots and Kaye’s
notion of fractal dimensions is presented. A Jurassic coral
species (Aplosmilia spinosa) and Wve Recent coral species
were compared using the Box-Counting Method. This
method enables the characterization of their morphologies
at calicular and septal levels by their fractal dimensions
(structural and textural). Moreover, it is possible to deter-
mine diVerences between species of Montastraea and to
tackle the high phenotypic plasticity of Montastraea annu-
laris. The use of fractal dimensions versus conventional
methods (e.g., measurements of linear dimensions with a
calliper, landmarks, Fourier analyses) to explore a rugged
boundary object is discussed. It appears that fractal meth-
ods have the potential to considerably simplify the morpho-
metrical and statistical approaches, and be a valuable
addition to methods based on Euclidian geometry.
Keywords Fractal · Corallite · Method · Morphology · 
Variability
Introduction
While the idea of “fractals” was rapidly taken up in various
Welds of physics (Mandelbrot 1983; Feder 1988; Kaye 1989,
1994; Gouyet 1992; Vicsek 1992), its use in describing bio-
logical forms has received less attention. Applications of
fractals are used to distinguish malignant and benign tumor
cells (Nonnenmacher et al. 1994; Losa et al. 1997, 2002), to
study geometry of auditory nerve-spike trains (Teich and
Lowen 1994), and the neural network (Jelinek and Fernan-
dez 1998). Fractals have also been used in microbiology
(Smith et al. 1989; Sedlák et al. 2002; Veselá et al. 2002),
and to characterize biological objects like leaf shape (Morse
et al. 1985; Vlcek and Cheung 1986; Prusinkiewicz 1993;
Slice 1993; Mancuso 2001). However, the origins of fractal
structures are diYcult to understand. Their mathematical
formulation and geometrical characteristics can be simpli-
Wed for use as mathematical descriptors or as sources of sim-
ulation (Murray 1991; Wolfram 2002). For example, fractal
growth allowed simulation of complex growth processes in
corals, sponges, seaweeds (Kaandorp 1994; McEvoy and
Kaandorp 1996; Kaandorp and Kübler 2001; Kaandorp and
Sloot 2001; Merks et al. 2003), stromatolites (Verrecchia
1996) and plants (Prusinkiewicz et al. 1996).
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2Analysis of fractal dimension also provides opportuni-
ties to treat large structures such as shallow-water coral
communities (Bradbury and Reichelt 1983; Basillais 1997,
1998) or aerial and remote sensing images (Purkis et al.
2005, 2006). Patches of corals, algae or other organisms
can be recognized by their own fractal dimensions allowing
to delimit bottom communities, quantify coral cover, or to
evaluate surfaces damaged by hurricanes.
Fractal geometry is complementary to Euclidian geome-
try. To measure a distance, a surface or a volume, a com-
mon method in fractal geometry involves covering sets
with boxes in which the distance, the surface, or the volume
are taken as units of measurement. To deWne the dimension
of a structure, it is necessary for it to include boxes of every
possible distance between two points. This requirement is
always observed in nature (Gouyet 1992) and allows the
fractal dimension of an object to be deWned (Tricot 1982).
Fractional dimension provides a measurement of roughness
of fractal curves: lines have a dimension of one, surfaces a
dimension of two, and solid bodies a dimension of three. As
a rough curve wanders around on a plane, it may become so
rough that it Wlls the plane on which it lies. Thus, increase
in roughness is considered to be also an increase in dimen-
sion and the dimension of a fractal curve characterizes how
the measured length between given points increases as
scale decreases. While the topological dimension of a line
and a surface are always one and two respectively, the frac-
tal dimension of a rough line may be any real number
between one and two, and, for a rough surface, any real
number between two and three.
The study of scleractinian morphology and taxonomy
evolved from description of purely topographic characteris-
tics with casual quantiWcation of corallite diameters (Mich-
elin 1840–1848; d’Orbigny 1850) to systematic
quantiWcation of number of septa and calicular diameters
(Koby 1880–1889). Microarchitecture was purely descrip-
tively used by Alloiteau (1952, 1957) and later quantiWed
(Gill 1967; Chevalier 1971; Gill and Lafuste 1971; Marc-
hand-Stiévenart 1979). More recently, multivariate tech-
niques such as factorial analysis of linear dimensions
(Marchand-Stiévenart 1979; Lathuilière 1988, 1990, 2000a,
b; Budd 1993; Budd et al. 1994; Bosellini and Stemann
1996; Pandey and Lathuilière 1997; Lathuilière and Gill
1998; Pandey et al. 1999; Maté 2003), image analysis for
measurement of areas (Lathuilière and Budd 1994; Lath-
uilière 2000a, b) and methods based on landmarks (see Potts
et al. 1993; Budd et al. 1994; Budd and Johnson 1996; Budd
and Klaus 2001; Budd and PandolW 2004) were introduced.
Many morphological patterns found in nature such as
corallite shape not only present a higher degree, but also a
diVerent level of complexity, which can cause diYculties in
the quantiWcation of these structures (Mandelbrot 1983).
When Euclidian geometry reaches its limits, this study here
proposes to use their fractal dimensions for quantiWcation
of corallite morphology at calicular and septal scales. The
usefulness of this approach is demonstrated for six species
of scleractinian corals, one fossil and Wve extant.
Materials and methods
Principal material
The Jurassic reef coral Aplosmilia spinosa displays high
intraspeciWc and intracolonial variability, posing a chal-
lenge for conventional taxonomy and, therefore, an inter-
esting test for this new technique. A. spinosa is a phaceloid
colonial scleractinian, which occurred in the Tethys during
the Upper Jurassic (Middle Oxfordian, Transversarium
Zone, Martin-Garin et al. 2002; Martin-Garin 2005). Sam-
ples were taken from the northern Tethys Shelf of France
(Lorraine, French Jura) and Switzerland (Swiss Jura). Spec-
imens can be considered to belong to a coherent taxonomic
unit of species rank despite the present unclear nomencla-
tural status of this and other nominal species of the genus
Aplosmilia (Fig. 1). Forty-two corallites with an average
diameter of 11.27 § 1.26 mm (mean § SD) were processed
from a total of 12 colonies.
Additional material
To compare results obtained from A. spinosa, individuals
from Wve Recent coral species of the Caribbean Sea
(Jamaica, Bahamas and Colombia) were added to the analy-
ses. Two species are evolutionarily unrelated taxa and three
others belong to the genus Montastraea. Six calices were
taken from a single dome-shaped, phaceloid colony of Eus-
milia fastigiata (Pallas) because of their apparent morpho-
logical similarity to the Jurassic Aplosmilia (Fig. 2a–c). Ten
calices were sampled from a single massive colony of
Dichocoenia stokesi (Milne Edwards and Haime), collected
from San Andrés Island, Colombia (Fig. 2d–f). This species
belongs to the same family of Meandrinidae as Eusmilia,
but has a diVerent colony structure. Corallites are evenly
spaced and plocoid with septo-costae in two neatly alternat-
ing orders. The choice of specimens in a single colony of D.
stokesi was guided by the wide intra-colony variability of
the corallite shape (round to ovoid, Fig. 2d).
Twenty individual corallites from massive colonies of
Montastraea were selected from published papers (Fig. 2g–
k). Three corallites from one colony of Montastraea faveo-
lata (Ellis and Solander), three corallites from one colony
of Montastraea franksi (Gregory) and three corallites from
a single colony of Montastraea annularis s.s. (Ellis and
Solander) were taken from Budd and Klaus (2001) and
originated from San Blas Island, Panama. Other corallites
3coming from eight colonies of Montastraea annularis s.l.
were taken from Budd Foster (1979) and originated from a
sand channel and the lagoon of Discovery Bay, Jamaica.
Corallites of Montastraea are Xush to conical with the col-
ony surface. Septo-costae are neatly arranged with alternat-
ing short and long septa. Columellae are compact and
small. Studied specimens of Jurassic and Recent species are
deposited in the collection of the UMR CNRS 7566 G2R of
the University Henri Poincaré—Nancy 1 (France).
Image data acquisition
After the death of a coral, the calices can be Wlled by a Wne
carbonate ooze thus moulding the calicular morphology.
Calcite crystals frequently destroy the skeletal microarchi-
tecture of Aplosmilia during diagenetic replacement of the
original aragonite skeleton. Only the interface between soft
body and skeleton of a polyp inside a calice may be molded
by the micrite Wlling and may be preserved (Fig. 1b). Due
to these preservation problems of the fossil material, it was
impossible to study the ontogenesis of any individual calyx.
Pictures could only be acquired across the last centimeter or
so of the outer tip of each corallite (Fig. 1c).
After collection, transversal thin-sections were prepared
from branches of Aplosmilia to obtain the outlines of calic-
ular-sections. In recent colonies of both Eusmilia and
Dichocoenia the empty calicular cavities were Wlled with
epoxy resin under vacuum conditions before sectioning.
Individual calices were photographed under a binocular
microscope at 8£ magniWcation with a CCD camera (Sony
DXC-390P®). Images of the Montastraea corallites were
taken from the papers of Budd and Klaus (2001) and Budd
Foster (1979). Corallite outline was highlighted and Wlled
in black using the software Corel PHOTO-PAINT 10® and
converted to a black and white bitmap (Fig. 1d).
Fractal analyses
This study used the Box-Couting Method, which involves
laying a square mesh grid of various sizes r, over the image
Fig. 1 Morphological charac-
teristics of the Upper Jurassic 
reef coral Aplosmilia spinosa. 
a Top of a colony of A. spinosa 
(Euville, Lorraine, France). 
b Detail of a corallite, sawed 
transversal section (Pagny-
sur-Meuse, France). The white 
arrow points to the drawings of 
the internal structures. c Detail 
of the internal structures of the 
corallite. (1) Internal sediment, 
(2) lamellar columella, (3) a 
major septum after diagenesis. 
d Black and white Bitmap image 
of the skeleton/soft body (or 
skeleton/sediment) interfaces
4object (fractal) to count how many boxes N, are needed to
cover it completely (Fig. 3a–h). To implement the Box-
Counting Method (Liebovitch and Toth 1989), the software
HarFA (BCMet.exe for PC®) was used (Zmenkal et al.
2001a; also downloadable on http://www.aplosmilia.free.fr/).
The size of the square box forming the grid could vary from
100 to 2 pixels. The number N of mesh boxes that contain
any part of the fractal object were automatically counted by
BCMet for each iteration with diVerent box sizes: (1) NB
black squares completely Wlled by part of the object
(Fig. 3i), (2) NBW black and white squares containing part
of the object (Fig. 3i) and (3) Nw white squares not Wlled by
the object (Fig. 3i). Three fractal dimensions B, W, BW
can be calculated by counting black NB, white NW and par-
tially black squares. NBW. NB and NW characterize fractal
properties of the black and white plane, while NBW charac-
terizes properties of the black and white border (Zmenkal
et al. 2001b). W and B are only meaningful for Euclidean
objects such as a line, circle, square, etc. (Zmenkal et al.
2001b) whereas BW is meaningful for objects with a
jagged, rough outline such as the corallites of Aplosmilia,
Eusmilia, Dichocoenia and Montastraea.
For each specimen, four columns were created in STAT-
VIEW®. Two of them, AX and AY contained the logarithm
of the box size (log r) and the number of black and white
boxes needed to cover the object (log NBW). The others, BX
and BY were left blank. A bivariate plot at the log–log scale,
known as Richardson Plot was created with log r on the x-
axis versus log NBW on the y-axis (Fig. 4a). The logarithmi-
cal function thus obtained showed an apparent inXexion
point (Fig. 4a). Using two slopes rather than one is proposed
by Kaye (1989, 1994) in his deWnition of “discovering tex-
ture fractal”. The initial theoretical consideration of Kaye
was that the Wne details and the data generated by a structure
walk exploration of a rugged object yielded a fractal slope
and a Euclidian slope (value equal to 1). He concluded that
the second dataline of slope was in fact diVerent from the
value 1, and corresponded to an exploration of the texture of
the objects distinct from its structure. In order to Wnd this
inXexion point, the last data of the columns AX–AY were
Fig. 2 Recent coral species. 
a Phaceloid colony of Eusmilia 
fastigiata. b Close-up view 
of a E. fastigiata corallite. 
c Cross-section of a E. fastigiata 
corallite. d Massive colony of 
Dichocoenia stokesi. e Close-up 
view of the plocoid corallites 
of D. stokesi. f Cross-section 
of D. stokesi corallite. g Massive 
colony of Montastraea annular-
is. h Detail of Xush M. annularis 
corallites. i Close-up view 
of cross-section of M. annularis 
corallite (individual from the 
colony SUI 455551D, Fig. 8g, 
Budd Foster 1979). j Close-up 
view of Montastraea faveolata 
corallite (individual from colony 
SUI 95214 of Budd and Klaus 
2001, Fig.5.3). k Close up view 
of Montastraea franksi corallite 
(individual from colony SUI 
95228 of Budd and Klaus 2001, 
Fig. 5.1)
5transferred in parallel to the columns BX–BY, and placed in
a new bivariate plot. Functions newly obtained from the data
of both sets of columns (A and B) yielded two slopes identi-
Wed by an equation (log N(r) = (log(1/r)) + log k) and a
coeYcient of determination (r-squared) as shown in
Fig. 4b–c. The coeYcient of determination (r-squared) must
be maximal for both slopes. It was necessary therefore to
determine if any point surrounding the inXexion point
belonged either to column A or to column B. The slope
coeYcients of both least square regressions were identiWed
as the fractal dimensions. Fractal dimension, which is char-
acteristic of the morphology, i.e., the overall structure of the
corallite (calicular level), is deWned as the structural fractal
dimension (s). The fractal dimension, which is useful for
the description of the texture or Wne details at the septal level
is deWned as the textural fractal dimension t (Kaye 1978,
1986, 1989, 1994; Kaye et al. 1994; Fig. 4b–c).
Results
General results
Using just two parameters in the coral morphometrics
yields signiWcant results. Individual calices from the same
species clustered into a given structural fractal dimension
(s) (Fig. 5a). In the plot, two sets were clearly identiWed.
On one hand, morphologies with greater calicular and sep-
tal complexities (jagged outlines) displayed higher s and
t, s 1.67 § 0.02 (mean § SD) and t 1.00 § 0.03, respec-
tively, for A. spinosa (Fig. 5b) and s 1.73–1.74, t 0.99–
1.00 for E. fastigiata (Fig. 5a). Despite their close similar-
ity, both species may be clearly separated from each other.
M. faveolata showed less ruggedness of the corallite (s
1.15 § 0.01; t 0.805 § 0.065), as did D. stokesi (s
1.24 § 0.02; t 0.78 § 0.05), M. annularis (s 1.265 §
0.025; t 0.805 § 0.025), and M. franksi (s 1.30; t
0.835 § 0.065). The general shape of the A. spinosa coral-
lite was less rough (jagged) than that of E. fastigiata. Nev-
ertheless, the broader variability of septal morphology in
A. spinosa was clearly visible and could be explained by
the small number of samples of E. fastigiata calices stud-
ied. Analyzing intracolonial variability in A. spinosa dem-
onstrates that most of intraspeciWc variability is generated
by calicular diVerences within a colony.
Discussion
Analysis of fractal dimension was demonstrated here to
provide an accurate and objective mathematical descriptor
that allows complex morphologies to be described in biol-
ogy and paleontology with simple parameters. Fractals pro-
vide a straightforward method to quantify all the details of
the morphology of coral structure from the scale of a col-
ony to that of microarchitecture. The use of fractals pro-
vides a powerful tool to describe natural objects and can be
combined with other methods of investigation, but it should
be taken into consideration that fractal dimensions are gen-
erated in a non-Euclidian space. Results given by the fractal
dimensions imply that the degrees of the calicular (s) and
septal (t) irregularities and/or fragmentation are identical
in any given cluster provided by the analysis. Specimens
only cluster according to the ruggedness of the jagged out-
line. Individuals with a high structural fractal dimension
(s), show a lower variability regarding the textural fractal
Fig. 3 Principle of the 
Box-Counting Method. a-h. 
The laying of square meshes 
of various sizes r over the 1 bit 
image of a scleractinian 
corallite. I. The counting of the 
number of N mesh boxes that 
contain any part of the object for 
all the mesh box sizes: NB black 
squares (black arrow) that are 
completely Wlled up by the 
fractal object. NBW black and 
white squares that contain only 
part of the object (white arrow). 
In this example of Aplosmilia 
spinosa, 10 black squares and 
219 black and white squares 
are counted for a mesh box size 
of 20 pixels
a b
cd
e f
g
i
h
6dimension (t), than those individuals with a low structural
fractal dimension (s).
Despite obvious limitations imposed by the small sample
size of Montastraea in these analyses, the distinction of
closely related species as named in the literature is repro-
duced by the fractal approach. M. annularis showed the
largest s standard deviation (s = 1.265 § 0.025;
mean § SD). This may have been due to sample size con-
straints, but the eVect of transplantation made by Budd Fos-
ter (1979) of colonies of M. annularis into diVerent
environments of the Discovery Bay reef complex in
Jamaica (patch reef, lagoon, reef and sand channel) cannot
be excluded. Due to the subsequent discovery of sibling
species (van Veghel and Bak 1993; Knowlton et al. 1992)
in the species group, the speciWc attribution to the restricted
group M. annularis s.s. is also questionable.
The basis for the analyses of this study was the morphol-
ogy of the surface between the living body and the skeleton
of the coral (polyp/skeleton interface). This interface is the
keystone of shape in corals since linear dimensions of skel-
etal volumes (e.g., thickness of thecal walls or septa) indi-
rectly reXect carbonate productivity rather than shape
(Lathuilière and Budd 1994). Fractal analysis allows mea-
surement of the most sensitive speciWc indicator surface
and may therefore prove to be a powerful tool for taxon-
omy.
Fractal geometry versus conventional methods
When compared to conventional linear measurements or
geometric morphometrics, the use of fractal dimension pro-
vides advantages and few shortcomings that make it useful
to quantify and to characterize biological or paleontological
shapes.
The Wrst quantitative parameters used for statistical com-
parisons were linear series of linear dimensions, measured
directly from the organism (Fig. 6a). Linear measurements
have serious drawbacks, because they do not record the
entire shape, but only describe select dimensions of a few
objects chosen by an observer. If the thickness of a septum
is measured because it is recognized as a well-known
entity, supposed to be homologous to other septa, new
questions arise concerning the localization of borders
between skeletal entities (i.e., between septa and wall, septa
and dissepiment, columella and septa, etc.) and the homol-
ogy of the structures. Also, when choosing to localize the
measurement, excluding most other localized information
and their relation to the complete outline is inevitable. Frac-
tals, on the other hand, operate at several diVerent levels of
observation, taking into account the entire shape of the cor-
allite outline. The progressive reduction of box-size in the
Box-Counting Method quantiWes the overall shape of the
corallite (Fig. 4b) and then records the Wne details at the
septal level (Fig. 4c). Fractals do not quantify a septum as a
homologous structure, but quantify its ruggedness from the
scale of the entire septum down to the scale of a septal
granule.
Fig. 4 a Plotting on a log–log coordinate system the box size (log r on
x-axis) versus the number of black and white boxes needed to cover the
object (log NBW on y-axis) entirely, (Richardson Plot). The black arrow
indicates the inXexion point given by the maximal coeYcients of deter-
mination r-squared of the two least square regressions. b The slope
coeYcient of the Wrst regression yields the structural fractal dimension
of the corallite s and corresponds to its overall morphology. c The sec-
ond regression yields the textural fractal dimension t, which describes
the texture or Wne details at the septal level
a
b
c
c
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7Various versions of Fourier shape analysis are also
applicable to record the shape of an outline in its entirety.
The principle is to Wt the observed outline to a theoretical
graph of a complex sinusoidal function that can be decom-
posed into numerous simple functions. The parameters of
the Wtted function are then used in multivariate analyses as
descriptors of the outline (Rohlf 1990; Verrecchia et al.
1996; Moussa 1999). However, for the complex outline of a
corallite, this method has major drawbacks. Firstly, while
only a few parameters are necessary to reconstruct a simple
outline (for example that of a sea urchin test) many more
are needed for the considerably more complex outline of a
corallite. More than 60 parameters (representing the 60
amplitudes of harmonics) were needed to reconstruct the
outline of an A. spinosa corallite at 89.2% of the cumulative
variance (called power of the harmonics in Fourier trans-
forms), by successive increments of the harmonics
(Fig. 6b). Only 6–12 harmonics were needed to reconstruct
the perfect outline of a sea urchin test (Fig. 6b). To obtain
solid results with Fourier transforms, the outline of the
object must be completely closed, which was not the case
for most of the specimens of this study (Fig. 6b). Fractal
dimension analyses are easier to apply and understand by
using only two parameters, the structural (s) and the tex-
tural (t) fractal dimensions (Kaye 1989, 1994), which
entirely characterize the outline of the corallites.
Much work in geometric morphometrics of corals has
focused on the analysis of landmark data (Budd and Klaus
2001; Budd and PandolW 2004). The most valuable land-
marks are anatomical points that should be traceable along
the ontogeny. For corals, due to the variable expression of
the bilateral symmetry, such a requirement is not clearly
established and it is diYcult to localize homologous points
as easily as it can be done, for example, in a mosquito wing
(Rohlf and Slice 1990). Recognizing homologies, espe-
cially of the landmark type 1 as deWned by Bookstein
(1991) or Marcus et al. (1996), is usually not possible
(Fig. 6c). Fractal analyses thus oVer the possibility of
avoiding the problems with landmarks that are inherent in
the orientation of samples, in symmetry or homologies
between structures. By contrast, methods based on homolo-
gies such as cladistics cannot use the fractal morphometric
method discussed here.
It cannot be excluded that similar fractal dimensions
may correspond to radically diVerent shapes and for this
reason more naturalistic and other morphometric
approaches should not be discarded. If both fractal dimen-
sions are not suYcient to separate diVerent forms, further
Fig. 5 Plot of the results: 
structural fractal dimension s 
(on x-axis) versus textural fractal 
dimension (on y-axis). 
a Individuals from the same 
species are grouped for a given 
structural fractal dimension (s). 
Two clusters are identiWable: (1) 
Eusmilia and Aplosmilia, which 
display the most complex 
corallite morphology. 
(2) Dichocoenia and the three 
species of Montastraea. In 
Montastraea annularis, and 
Montastraea franksi the septal 
morphology is closer to each 
other, whereas M. annularis has 
a greater s variability. b Detail 
of the plot of Aplosmilia spinosa 
to show the intraspeciWc and 
intracolonial variability (circled 
crosses, solid circles, and 
squares correspond to individu-
als from the same colonies)
a
b
8discrimination is possible by including additional linear or
geometrical characters into the statistical analyses.
Perspective of this new method in coral research
Advantages of fractal dimension analyses are obvious in
morphometrics of most marine sessile organisms living
within the reefs, such as corals (e.g., scleractinians, octoco-
rals, hydrozoans), seaweeds, algae, sponges, bryozoans,
bacterians, and even gastropod color patterns such as Conus
shells. Consequently, the method can be used for many
applications of morphometrics, i.e., systematics, evolution,
biogeography, biostratigraphy, ecology, functional mor-
phologic analyses whenever these disciplines require good
distinctions of shapes. One fundamental question in biology
is how the physical environments interplay with the
genome to control the morphogenesis. Using fractal dimen-
sions to characterize the shape and quantify the phenotypic
plasticity of such organisms in their diVerent environments
can be combined with other algorithmic methods (e.g.,
Laplacian Model of Branching Growth, Cellular Automata,
DiVusion-Limited Aggregation) to understand their growth
(see Verrecchia 1996; Kaandorp and Kübler 2001).
In conclusion, fractal dimensions have much to oVer to
coral morphometrics. (1) Outlines and Wne morphological
structures of coral corallites are entirely analyzed and quan-
tiWed at diVerent levels of observation (calicular and sep-
tal). The Wrst applications suggest that they provide results
adequate for delimitation of coral taxa. (2) The Box-Count-
ing Method is straightforward to apply and easily reproduc-
ible for Recent and fossil scleractinian corallites. (3)
Statistical analyses are simpliWed, because only two param-
eters are necessary to characterize coral corallites: the
structural fractal dimension (s) and the textural fractal
dimension (t).
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